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Rayleigh-Benard convection in elliptic and stadium-shaped containers
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We report on defect formation in convection patterns of stadium-shaped and elliptical horizontal layers of
fluid heated from below(Rayleigh-B@ard convection The fluid was ethanol with a Prandtl number
=14.2. The outermost convection roll was forced to be parallel to the sidewall by a supplementary wall heater.
The major- and minor-axis aspect ratibs=D;/2d, i=1, 2 (D; are the major and minor diameter addhe
thickness were 19.4 and 13.0, respectively. For the stadium shape, we found a stable pattern that was
reflection-symmetric about the major diameter and had a downflow roll of ldngétong a large part of this
diameter. This roll terminated in two convex disclinations, as expected from theory. No other patterns with the
outermost roll parallel to the sidewall were found. The wave numbers of the rolls in the curved sectidns and
decreased with increasing=AT/AT.— 1, consistent with a prediction for wave-number selection by curved
rolls in an infinite system. At large, the roll adjacent to the sidewall became unstable due to the cross-roll
instability. For the elliptical shape, wave-director frustration yielded a new defect structure predicted by
Ercolaniet al. Depending on the sample history, three different patterns with the outermost roll parallel to the
wall were found. For one, the central downflow roll seen in the stadium was shortened to the point where it
resembled a single convection cell. Along much of the major diameter there existed an upflow roll. The new
defect structure occurred where the two downflow rolls surrounding the central upflow roll joined. This joint,
instead of being smooth as in the stadium case, was angular and created a protuberance pointing outward along
the major diameter. We also found a pattern with an upflow roll along the major diameter without the central
downflow cell. A third pattern contained a downflow cell, but this cell was displaced by a roll width from the
center along a minor diameter. Asincreased, the length, between the two protuberances and the wave
numbers along the outer parts of the major diameter decreased for all three patterns, analogous to what was
found for the stadium. The upper stability limit of these patterns was also set by the cross-roll instability.
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[. INTRODUCTION at the centers of the semicircles forming the stadium ends.
This is expected to lead to the formation of two convex
In the absence of significant external noise, ideal two-disclinations connected by a straight roll along the major
dimensional patterns in nonlinear dissipative systems cadiameter. However, a similar exercise for an elliptical shape,
have regular structures with long-range order, such as paraénd indeed for a range of shapes with nonconstant radius of
lel straight rolls or stripes, squares, or hexagons. Close agurvature, yields caustics at the points where the wave direc-
proximations to this idealization can be found in convectiontors intersect. This is associated with a wave-director frustra-
of a thin horizontal layer of fluid heated from below, i.e., in tion that is expected to lead to a new type of defect structure.
Rayleigh-B@ard convectionRBC) [1]; but the same pat- Here we present shadowgraph ima§&2] of this structure
terns occur in many other driven systems, including verti-as well as of convex disclinations which were obtained with
cally vibrated layers of sand, chemical reactions, and bioRBC samples in elliptical- and stadium-shaped containers,
logical systemd?2]. An interesting problem is the study of respectively.
defects that can be induced in such structures. This issue was For the stadium, we observed the expected convex discli-
addressed recently from a mathematical point of view bynations, connected by a downflow roll along the major diam-
Ercolaniet al. [3,4]. The problem is of interest because de-eter. These structures were stable over the ranges O
fects are characteristic of “natural” patterns, i.e., of patterns=AT/AT.—1=<2, and no other patterns were found. As
that form in the presence of significant noise and/or boundincreased, the wave number of the rolls adjacent to the
aries. The defects can be grouped in a small number of uncurved ends decreased, consistent with the known wave-
versal classes, including domain walls, dislocations, convexumber selection by the curved rolls of fddi3—18. For €
and concave disclinations, foci, and spiral defects. In Fig. 1pear 2, this wave number became unstable to cross rolls.
we show examples of a few of thege-11]. For the ellipse, we found that the central downflow roll of
Here we present the results of an experimental study of ¢he stadium had shrunk so as to form a single downflow cell
new defect structure which arises as a result of wave-directaat the center. Along a significant length of the major diameter
frustration and which was discussed by Ercolenal.[3,4].  there was thus an upflow roll. The adjacent downflow rolls
It occurs in samples with elliptical sidewalls when the axis ofmet at an angle, forming two singularities rather than being
the outermost roll is forced to be parallel to the wall. Whensmoothly curved. At each of the corners, a small protuber-
the same is done in a stadium-shaped contditves semi- ance emanated along the major diameter in the direction to-
circles connected by a straight secliowave directors ema- ward the sidewall. We also found patterns in which the
nating from the curved sections of the sidewall will intersectdownflow cell at the center was absent, and ones in which a
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wall was made of lexah22] with a thermal conductivity of
0.23 W/mK. The lexan disk was circular, with a diameter of
9.6 cm. A cell of the desired shape was cut out of its center.
Imbedded in the cell wall, parallel and close to the inner
cutout, was a second heater consisting of a manganin wire of
0.013 cm diameter with a resistance of approximately)12
This heater could be used to force convective flow near the
wall even slightly below the bulk onset, and could create
convection rolls parallel to it. Power dissipation in this heater
typically was 1.0 W.

We investigated a stadium-shapédo semicircles con-
nected by a straight sectipand an elliptical cell. For both
geometries, the thickness of the cell wall and fluid layer was
d=0.229 cm. The major(minor) diameter wasD,=8.89
(D,=5.93) cm, yielding an aspect ratid;=D,/2d=19.4
(I'y=D,/2d=13.0). Thus we had', /T",=1.5. For the sta-
dium, this geometry implies that the length of the straight-
walled central section was equal to the radius of the semicir-
cular ends.

We also studied an additional elliptical cell constructed in
the same way, except that the thickness of the cell wall and
fluid layer was 0.152 cm. This cell had aspect ratlos
=29.1 andl',=19.5. For this cell, we were unable to gen-
erate patterns that were reflection-symmetric about the major
diameter.

The fluid was ethanol at a mean temperature of 32.0°C
with a conductivity of 0.167 W/mK and a Prandtl number
0=14.2. The vertical thermal diffusion time was,
=61 sec. When a temperature differenk® was to be ap-
FIG. 1. Shadowgraph images of defects observed in RayleighPlied, the bath(bottom plat¢ temperature was lowered

Bénard convection. Lightdark areas correspond to downflowing, (raised by AT/2. The critical temperature difference for the
relatively cold (upflowing, relatively warm fluid. (a) A domain ~ onset of convection in the cell witd=0.229 cm wasAT,

(a

~—

wall. From Ref.[5]. (b) A dislocation. From Ref[6]. (c) A focus =1.33°C. We estimatAT,;=4.49°C for the cell Withd
singularity. From Ref[7]. (d) A wall focus located at the lateral =0.152 cm.
wall containing the fluid. From Ref7]. (e) A convex disclination. Flow visualization was by the shadowgraph methba].

From Ref[8]. (f) A somewhat imperfect concave disclinatithree  The images were divided by a reference image and rescaled
wall foci are also segnFrom Ref.[9]. (g) A single-armed spiral  for optimal visual appearance. Each image was rescaled ac-
defect. From Ref{10]. (h) A double-armed spiral defect. From Ref. cording to its own standard deviation from its mean. Thus
[10]. the visual appearance yields no indication of the flow ampli-
tude. In all images, the brighte@arkest regions correspond
single upflow cell occurred immersed in the downflow roll to relatively cold downflow(warm upflow.
adjacent to the major diameter. All three structures were We used various histories in an attempt to create different
stable over a wide range. As for the stadium, the distance patterns in a given cell. It was always easy to create disor-
between the two singularities decreased with increasing dered patterns with many roll axes orthogonal to the wall.
and at largee the stability limit of these structures was de- These were not of interest in the present work. To create the
termined by the cross-roll instability. Our results are consispatterns of interest here, we usually kept the power of the
tent with the prediction of3,4]. wall heater at 1 W and equilibrated the system with no ad-
In the next section, we briefly describe some details of thelitional power for six hours. In one method we then sud-
experiment. In Sec. Il A, we present and discuss the patterndenly setAT to 1.6°C (¢=0.2) and equilibrated for two
that have been found in the stadium-shaped and in the ellifhours. ThereafteAT was increased in steps of 0.2 °C, with
tical sample. In Sec. Il B, we examine the wave numbersequilibration times 62 h after each step. For the elliptical
selected by these structures. cell, this usually yielded a pattern with a downflow cell at the
geometrical centefsee Fig. 3. In the other procedure we
equilibrated the system &tT=1.0°C (e=—0.25) for six
hours, followed by a step tAT=1.6°C. This usually
We used a standard Rayleigh+ed convection appara- yielded patterns like those in Fig. 4 below. For the stadium,
tus as described elsewhdi9—-21]. The cell top was a sap- these procedures all yielded a single unique pattern. Of
phire, and the bottom was a diamond-machined aluminuncourse we cannot rule out that other stable patterns can be
plate with a metal-film heater attached to its bottom. The celgenerated by other procedures. Although considerable time

Il. APPARATUS
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FIG. 3. Symmetric downflow patterns in the elliptical cell with
I'1=19.4 andl’,=13.0. From left to right and then top to bottom,
the images are foe=—0.023, 0.076, 0.128, 0.203, 0.35, 0.65,
0.95, 1.26, and 2.01.

FIG. 2. Patterns obtained in the stadium-shaped cell With
=19.4 andl’,=13.0. From left to right and then top to bottom, the
images are fore=—0.023, 0.076, 0.128, 0.203, 0.50, 0.96, 1.26,
1.86, and 2.16. .

2. Ellipse
was required initially to establish a desired pattern, equilibra- For the ellipse, we were able to generate three different
tion to a new wave-number distribution at a newalue was  kinds of patterns with the outermost roll parallel to the wall.
relatively fast andAT could be changed at time intervals of In all of them there was downflowbright in the shadow-
one or two hours in increments of 0.1 or 0.2°C. An imagegraph adjacent to the wall.

was taken at the end of the equilibration period. Typical examples of the first pattern type are shown in
Fig. 3. It had reflection symmetry about the major diameter.

IIl. RESULTS A small convection cell with downflow at its center occupied
the center of the sample. This cell corresponds to the much

A. Patterns longer downflow roll along the major diamater of the sta-

dium; the geometric frustration of the ellipse caused this
downflow roll to decrease its length until a stable cell re-
Patterns obtained in the stadium geometry are shown igulted. We will refer to this pattern as a symmetric downflow
Fig. 2 for several values oé. Each contained a straight pattern. Away from the sample center along the major axis
central roll with downflow along part of the major diameter, there was upflow that terminated in two defects. These de-
terminating in two convex disclinations. The wave numbersfects differ from the convex disclinations encountered in the
of the rolls in the curved section of the pattern decreasedtadium geometry in that the surrounding downflow region
with increasinge, with a consequent decrease of the lerigth has a protrusion pointing outward along the major diameter.
of the central roll. At smalk, the convex disclinations were This singularity, called a “protuberance,” corresponds to the
essentially perfect. At larges, the curvature near the discli- prediction of Ercolankit al. [4] and is the result of the frus-
nation of the roll pair surrounding the central roll increasedtration that occurs in the elliptical geometry. Similar patterns
and gave a more angular appearance. The upper stabiliyave been generated by numerical integration of the Swift-
limit of this pattern type was determined by the cross-rollHohenberg equatiof4] and of the Boussinesq equations
instability, which caused a breakup of the outermost roll neaf23]. The structure is stable over a widerange.
one curved end of the pattefeeee=1.86 and 2.16 in Fig. A second type of pattern had upflow without a central
2). The dependence a&fon e will be discussed further below downflow cell along a central part of the major diameter.
in Sec. Ill B. At smalle, the pattern remained stable until its This upflow roll terminated in two protuberances. The reflec-
amplitude vanished for negative(see the upper left image tion symmetry about the major diameter was broken by the
in Fig. 2. immersion of an upflow cell in the downflow roll adjacent to

1. Stadium
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the major diameter, as shown in Fig. 4. The upflow cell may
be regarded as a bound pair of dislocations of opposite topo-
logical charge. We will refer to this pattern as an asymmetric
upflow pattern. As seen in the figure, the dislocation pair was
stable over a considerabéerange, but beyond=1.6 it dis-
appeared. This yielded a symmetric upflow pattern at larger
€

In the third pattern(Fig. 5), there is upflow along the
central part of the major diameter, and this pattern is
reflection-symmetric about the major diametsymmetric
upflow pattern. It is identical to the pattern that evolves
from the asymmetric upflow pattern at large 1.6. The line
of upflow again terminates in two protuberances. L

A detailed view of the central sections of all four patterns/argest curvature already far=0.4, which is much smaller
is given in Fig. 6. than the stability I|m|'g for the smalldr- cell. In Fig. 8, we
The stability ranges of all three patterns for the ellipticalSNOW the central section of the pattern or 0.11. Although
sample were similar. Figure 3 illustrates the behavior af'® Pattern contains a variety of defects, some of these do

smalle. As e decreased below about 0.2, some irregularitieg'ave similarities to the defects in reflection-symmetric pat-

involving dislocations tended to form near the sample centell€MS generated by Ercolaet al. [4] by numerical integra-

At even smallere, the pattern amplitude vanished in the ton Of the Swift-Hohenberg equation.
center while a weak roll system due to the sidewall forcing

by the wall heater remained near the w@lkke upper lefte B. Wave numbers
=-0.02).

At large €, the patterns became unstable to cross rolls, a\§v aC(ta T:Cdtﬁf; c?fr t:?ége;&é?rfsS;‘:";f)tnW?X:'?nr}ggﬁggfnséter
can be seen in Fig. 4 far=2.31. As the central straight-roll P 9 '

section became shorter, the roll wavelength in the region o“n this direction, the phase of the pattern is pinned at the two

greatest curvature increased and locally approached thoepposne walls, and thus the number of rolls and average

cross-roll instability[24]. This is similar to what was ob- Wavelengthi,;,i=s,e are independent oé. For the sta-
served for the stadiurfsee Fig. 2 a&=1.86 and 2.1§ but dium patterns(s) and for the symmetric upflow patterps of
for the ellipse the instability occurred at a slightly larger the ellipse(e) there wereN, =12 andNe=11 roll pairs,
value.

We also attempted to establish patterns of high symmetry
in an elliptical cell with larger aspect rati¢g5] (I';=29.1
andI',=19.5), but were not very successful. In Fig. 7, we
show some of our results. Each pattern was equilibrated for
six hours before the image was taken. The patterns were not
reflection-symmetric about their major diameter. They be-
came unstable to cross rolls near the wall in the area of

FIG. 5. Symmetric upflow patterns in the elliptical cell with
I'1=19.4 andI’,=13.0. From left to right, the images are fer
=0.35, 1.10, and 1.86.

r

Z

FIG. 4. Asymmetric upflow patterns in the elliptical cell with
I'1=19.4 andl’,=13.0. From left to right and then top to bottom, FIG. 6. Detailed views of the central sections of the stadium
the images are foe=0.35, 0.65, 1.10, 1.56, 1.71, and 2.31. pattern(top left) and the three elliptical patterns fer=0.95.

A
9)

046308-4



RAYLEIGH-BENARD CONVECTION IN ELLIPTIC AND . ... PHYSICAL REVIEW E66, 046308 (2002

40 0.5 1 1.5 2
€ = AT/AT;-1

FIG. 9. The length4 ; andL of the central straight sections of
the patterns. The open circles are for the stadiug).(The remain-
ing data are for the symmetric downflow patter(sslid circles,
symmetric upflow patterngcrosses and asymmetric upflow pat-
terns(pluse$ of the ellipse [.). The solid lines represent fits of
Eq. (1) separately to the stadium and the ellipse results.

thanL for the stadium. Except perhaps for very smallwe
can represernt; ,i=s,e by a straight line,

Li:Ai+Bi€! (1)

FIG. 7. Patterns obtained in a cell with;=29.1 andIl', - . . . .
=19.5. From left to right and then top to bottom the images are forS shown by the two solid lines in the figure. Within units

€=0.11, 0.29, 0.38, and 0.42. The last patternea0.42, was un- of d, we find A;=12.96, Bs=—5.14, A.=16.36, andB,

stable and over many hours evolved to a pattern with roll axes~ —4.12. o )
orthogonal to the sidewall. For all three elliptical patterns, there axg=>5 roll pairs

between the protuberance and the cell wall. For the stadium,

respectively, along the minor diameter. In units of the Ce”however, there arbl;=6 roll pairs between the disclination

spacing d, this corresponds toTz‘i=2F2/N2,i=2.17 and
2.36, respectively. The corresponding average wave vectors

kpj=2m/\,; are 2.90 and 2.66, respectively, somewhat
smaller than the critical wave vectéy=3.117 at onset of
convection. For the symmetric downflow pattern of the el-

lipse, N, andk,. are the same as for the stadium patterns.
Along the major diameter, the phase of the rolls is also
pinned at the walls, but it is free at the disclinations or pro-
tuberances because the central roll can adjust its length. This
provides the opportunity for a wave-number selection pro-
cess to become effective and the wavelengths and numbers

N1 andky; in this direction can depend an The lengthl ¢

of the downflow roll along the major diameter of the stadium ,
is shown as open circles in Fig. 9. Also shown are the dis- [
tancesL . between the extreme ends of the protuberances of 0 Ly ) .
the symmetric downflow(solid circleg, symmetric upflow 2 22 24 26 28 3 3.2
(crossel and asymmetric upflowppluses patterns, respec- k- (units of 1/d)

tively. One sees thdt, is the same within our resolution for
the three elliptical patterns, but that it is somewhat large

)
3

€ = AT/AT-1

o
[&)]
T

r FIG. 10. The average wave numbar; ,i =s,e along the major
diameter between the disclination/protuberance and the sidewall.
The open circles are for the stadium. The remaining data are for the
symmetric downflow patternsolid circles, symmetric upflow pat-
terns(crosses and asymmetric upflow patteriigluses$ of the el-
lipse. The dotted line is the neutral curve of the infinite system. The
two solid lines are the zig-zag instabilit¢ZZ) and the cross-roll
instability (CR) of the infinite system of parallel straight rolls and
L ¢r=14.2._The three vertical dashed lines correspond to the wave
numbersk,; along the minor diameter and tq . The dash-dotted
FIG. 8. A detailed view of the pattern fdf,=29.1,1",=19.5, line is the theoretical resultL8] for the wave number selected by
ande=0.11. the focus singularity of the axisymmetric pattern and dor 7.
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and the wall. The average wave number of the rolls between Finally, we compare the selected wave numberswith

the disclination/protuberance and the wall is given@ the prediction by Buell and Cattdi8,2€ of the wave num-
=2m/[(I';—Li/2)/N;]. Results fokk,; are shown in Fig. 10. ber selected by axisymmetric convectigiocus patterns

At small e, the selecteELi depends on the geometry, but for which is given by the dash-dotted line in Fig. 10. This line,

both cases it is considerably smaller than the critical wave®ing for the infinitely extended system, must of course start
at k. and e=0 and thus cannot agree with the experiments

numberk, (thek,; andk. are shown as dashed vertical lines ¢y the finite system. We see, however, that the prediction
in the figurg. For smalle, the values okg; lie below the and the data are nearly parallel to each other, suggesting that
zig-zag bulk instability line[24,26] of the laterally infinite  the selection by roll curvature in our physical system is
uniform roll system. Presumably the roll curvature and finiteclosely related to the mechanism treated in the theory for the
system size stabilize the rolls in spite of the known bulkinfinite system.
instability [27—30. At modest and large, one sees that the

ellipse and the stadium select very similar average wave

numbers along the major diameter. At largethe values of

ky; lie well to the left of the cross-roll instabilitj{24,26| of We are grateful to Kapil Bajaj for his assistance and guid-
the bulk system. Again one concludes that the finite systemance during the early stages of this project, and to Nicholas
size and/or roll curvature provide stabilization. In this case Ercolani for calling our attention to this interesting problem.
the experimentally observed stability limit of the finite pat- We wish to thank Werner Pesch for permitting us to use his
tern to cross rollgsee Figs. 2 and)dbccurs at wave numbers program for the calculation of the ZZ and the CR instability
that are significantly smaller than the stability limit of the lines in Fig. 10. This work was supported through Depart-
infinite system. ment of Energy Grant No. DE-FG0387.
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